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Abstract
We consider the Horndeski theory in four-dimensional space-time. We show that this theory
does not admit stable, static, spherically symmetric, asymptotically flat, Lorentzian wormholes.
1 Introduction
The Horndeski theory (generalized Galileons plus gravity) is the most general theory with second
derivatives in the Lagrangian leading to equations of motion of the second order. This theory is
described by the following Lagrangian [1–4]:
L =
5∑
i=2
Li (1)
L2 = K(φ,X),
L3 = −G3(φ,X)φ,
L4 = G4(φ,X)R+G4X
[
(φ)2 − (∇µ∇νφ)
2
]
L5 = G5(φ,X)Gµν∇
µ∇νφ−
1
6
G5X
[
(φ)3 − 3φ(∇µ∇νφ)
2 + 2(∇µ∇νφ)
3
]
,
where X = −1
2
∇µφ∇
µφ, φ = ∇µ∇
µφ, R is the scalar curvature and Gµν = Rµν −
1
2
gµνR is the
Einstein tensor, metric signature is (−,+,+,+).
The interest to this theory stems, in particular, from the fact that it admits stable null energy
condition (NEC) violating solutions [2,5–9]. The latter property makes Galileons natural candidates
∗
email: oa.evseev@physics.msu.ru
†
email: olegmelichev@gmail.com
2 STABILITY CONDITIONS IN TERMS OF THE LAGRANGIAN FUNCTIONS
for fields that may support Lorentzian wormholes [10–15] and/or semi-closed worlds [16–19]. It
has been shown, however, that both asymptotically flat, static, spherically symmetric wormholes
[20,21] and semiclosed worlds [22] are unstable in L3 theories with minimal coupling to gravity, i.e.
G4 = M
2
P l/2, G5 = 0.
The purpose of this paper is to extend this result to wormholes in the most general Horndeski
theory (1). The proof of the analogous (by interchanging radial coordinate and time) no-go theorem
for bouncing cosmologies was given in [23] and extended to the full Horndeski theory in [24].
The paper is organized as follows. We give a brief review of some of the results obtained by
T. Kobayashi, H. Motohashi and T. Suyama [25,26] in Sec. 2, as they are essential for our argument.
We prove the instability in Sec. 3.
2 Stability conditions in terms of the Lagrangian functions
We consider static, spherically symmetric, asymptotically flat Lorentzian wormholes. With a con-
venient gauge choice, the general form of metric is
ds2 = −A(r)dt2 +
dr2
B(r)
+ r2
(
dθ2 + sin2 θdϕ2
)
.
T. Kobayashi, H. Motohashi and T. Suyama in [25,26] obtained the stability conditions for pertur-
bations about this background by performing the analysis in terms of spherical harmonics within
the Regge-Wheeler approach [27–29].
The odd-parity sector, emerging due to the gravitational wave part of perturbations, gives three
stability conditions:
F = 2
(
G4 +
1
2
Bφ′X ′G5X −XG5φ
)
> 0, (2)
G = 2
[
G4 − 2XG4X +X
(
A′
2A
Bφ′G5X +G5φ
)]
> 0, (3)
H = 2
[
G4 − 2XG4X +X
(
Bφ′
r
G5X +G5φ
)]
> 0, (4)
where prime denotes d/dr. These are obtained by requiring the abscense of ghost and gradient
instabilities for modes propagating along both radial and angular directions. In particular, the
condition (2), which we use in what follows, is needed to avoid the gradient instability.
The even parity sector is of particular interest, as it involves both scalar field perturbations and
gravity waves. It gives the following stability condition:
2P1 −F > 0, (5)
where
P1 =
B (2rH + Ξφ′)
2Ar2H2
·
d
dr
[
Ar4H4
(2rH + Ξφ′)2B
]
, (6)
Ξ = 2r2
[
−XG3X +
2Bφ′
r
{G4X + 2XG4XX − (XG5φ)X}
+G4φ + 2XG4φX −
1
r2
XG5X +
B
r2
(3XG5X + 2X
2G5XX)
]
. (7)
The condition (5) is necessary for the absence of ghosts.
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3 No-go theorem for Horndeski theory
The stability conditions most relevant for our purposes are (2) and (5). We define a variable
Q =
√
B
A
2rH + Ξφ′
r2H2
,
and write (5) in the following form:
2P1 − F = −2
√
B
A
Q′
Q2
− F > 0,
or
Q′
Q2
< −
1
2
√
A
B
F . (8)
By integrating this relation from r to r′ > r we obtain (cf. [21])
Q−1(r)−Q−1(r′) < −
r′∫
r
dr
√
A
B
F (9)
Now, let Q−1(r) be negative at some r. Then we write (9) as follows:
Q−1(r′) > Q−1(r) +
r′∫
r
dr
√
A
B
F , (10)
and notice that if the integral on the right side of the inequality (10) diverges as r′ → +∞, then
Q−1(r′) has to become positive, meaning that Q−1(r∗) = 0 at some point r∗ and Q is singular at
this point.
Conversely, let Q−1(r′) be positive at some r′, then we write (9) as
Q−1(r) < Q−1(r′)−
r′∫
r
dr
√
A
B
F , (11)
and see that if the integral diverges as r → −∞ then Q−1(r) has to become negative, meaning
again a singular Q at some point r∗ where Q−1(r∗) = 0.
For asymptotically flat wormhole, one has A(r) → 1, B(r) → 1 as r → ±∞. Furthermore,
General Relativity is restored away from the wormhole throat provided that{
G4 →M
2
P l/2
G5 → 0
at r → ±∞. (12)
Equation (2) then leads to F(r)→ M2P l as r → ±∞, so the integral in Eq. (9) diverges as r
′ → +∞
and r → −∞. This completes the argument.
To make contact with Ref. [21], we notice that in the cubic Galileon theory with G4 = M
2
P l/2,
G5 = 0, we have
Q =
Q
M4P l
, F = M2P l,
where Q is the variable introduced by V. Rubakov in [21]. Thus, the inequality (9) coincides with
that used in [21].
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